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Abstract 

We consider a quantum deformation of the wave equation on a cosmological background as a 
toy-model for possible trans-Planckian effects. We compute the power spectrum of scalar and 
tensor fluctuations for power-law inflation, and find a noticeable deviation from the standard 
result. We consider de Sitter inflation as a special case, and find that the resulting power 
spectrum is scale invariant. For both inflationary scenarios the departure from the standard 
spectrum is sensitive to the size of the deformation parameter. A modulation in the power 
spectrum appears to be a generic feature of the model. 
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I. INTRODUCTION 



Recently a lot of attention has been devoted to the possibility that Planck scale physics 
might leave an imprint on the cosmic microwave background (CMB). The temperature 
anisotropics of the CMB in fact arise from quantum fluctuations generated in the early 
universe and stretched by inflation to observable scales. Thus, length scales which are now 
of cosmological size could have been below the Planck length at the beginning of inflation, 
and could therefore carry the imprint of trans-Planckian physics. Within the standard 
theory of cosmological perturbations, fluctuations are assumed to originate in the infinite 
past with an infinitely small size. However, near the Planck scale the structure of space- 
time is believed to be modified by quantum gravitational effects, with the Planck length 
playing the role of a physical cutoff. Such modifications could affect the evolution of 
cosmological perturbations, possibly even changing the predictions of standard inflation. 

Several groups have considered models for physics above the Planck scale, and com- 
puted the resulting corrections to the standard spectrum of fluctuations. These ap- 



proaches have included nonlinear dispersion relations 
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distance modifications to quantum-mechanical commutation relations [1 
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aased on noncommutative geometry 
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non-standard initial conditions 



25l | and effective field theory techniques 26j . Also, more recent work 



is not assumed, but rather described by the boundary conditions imposed on the modes 

Tin 



has been based on 'minimal' models, where the specific nature of trans-Planckian physics 

;her described by the boundary condit 
at the cutoff scale [2ij, 22, 2sl l^. For a detailed review, see 

What emerges from these proposals is the possibility of obtaining substantial correc- 
tions to the standard CMB power spectrum, showing that inflation can indeed carry the 
signature of physics close to the string (Planck) scale. However, it is also apparent that 
the conclusions reached are extremely sensitive to the specific short- distance modifica- 
tions employed and to the choices of initial conditions. Due to the lack of a fundamental 
theory of quantum gravity, many of the models that have been brought forth are based 
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on ad hoc modifications to short- distance physics. Thus, it is not surprising that they 
yield different predictions. Still, until we have a more fundamental theory of gravity, a 
bottom-up approach to modeling very high energy physics is valuable per se, and so is 
the effort to construct viable cosmological scenarios that might be tested by looking at 
the CMB temperature anisotropies. 

Although slightly different, most of the models considered above share the idea that 
the structure of space-time is endowed with a fundamental length, usually taken to be 
the Planck length lp = Mp 1 , corresponding to a high-energy cutoff. It is the presence 
of such a fundamental scale that is responsible for curing the ultraviolet behavior of the 
underlying theory, causing processes with energy higher than the cutoff to be suppressed. 
Also, many quantum gravity models share the notion of a 'fuzzy' structure of space-time. 
For instance, noncommutative geometry provides a natural framework for the formula- 
tion of field theories that incorporate fundamental space-time uncertainties. Quantum 
(Q-) deformations, also an example of noncommutativity, provide an additional type of 
regularization scheme. They are well motivated not only because they are a powerful can- 
didate for regulating divergences, but also because they preserve some of the symmetries 
of the underlying theory, in the form of quantum symmetries [3^]. For an example of 
quantum groups in the context of Planck scale physics and of an algebraic approach to 
quantum gravity see [sj] and references therein. 

In this work we consider a nonlocal generalization of the wave equation describing 
cosmological perturbations, in the form of a quantum deformation. The deformation 
consists in replacing the standard wave operator by its Q-deformed counterpart. The 
new operator is nonlocal by an amount dictated by how much the deformation parameter 
deviates from its classical value. For similar work in the context of a two-dimensional 
black hole see 32]. 

This paper is structured as follows. We start in section I with a brief review of the 
standard theory of cosmological perturbations. In the next section we find the solution 
to the Q-deformed mode equation at scales higher than the cutoff A, and match it to 
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the standard solution valid below the cutoff scale. We make a conservative choice for the 
initial conditions, taking a Bunch-Davies-like vacuum. Section III gives the correction 
to the standard power spectrum for both tensor and scalar fluctuations for the case of 
power-law inflation. Finally, in section IV we repeat the calculations for the case of de 
Sitter inflation. We conclude by discussing the implications of our results. 



II. STANDARD INFLATION 



In this section we review very briefly the main features of the theory of cosmologi- 
cal perturbations within the framework of standard inflation. Power-law inflation in a 
spatially flat FRW universe is described by the metric 

ds 2 = dt 2 - a 2 (t)dx 2 = a 2 (7])(dr] 2 -dx 2 ), (1) 

where the scale factor is a(t) = a t n or, in terms of conformal time, a{rj) = ao 7 ? 1 "™) 

n 

with — oo < T) < and «o = ( a o(l — n)) 1 '". Here «o has dimensions of length. The 
n — > oo limit of power-law inflation yields the de Sitter background, where a(t) = e Ht or 
a (v) = — ^5 an d H = ^ is a constant. 

The two types of metric perturbations which are of interest in the early universe are 



scalar and tensor fluctuations (see 



33j | for a review). We start by considering the case of 



power-law inflation. In Fourier space, the tensor perturbations obey the mode equation 

u>> + (k 2 --)u k = 0, (2) 
a 

where k is the mode's comoving momentum and primes indicate derivatives with respect 
to conformal time. Notice that this is the equation describing a parametric oscillator with 
a time-dependent frequency. 

Scalar perturbations couple to matter, and are responsible for the large scale structure 
of the universe. The mode equation governing the evolution of scalar fluctuations v k has 
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a similar structure, 

v'l + {k 2 - ^)v k = 0, (3) 

with a replaced by z = atu- Here H = — and O denotes the background value of the 
scalar matter field. In the case of power-law inflation 0' o and 7i are both proportional 
to the same power of 77, so that — = — . Thus, scalar and tensor fluctuations evolve 
in the same way, and the difference between them becomes manifest only in the final 
normalization of the power spectrum. For gravitational modes, the power spectrum is 
given by 



2n 2 a 



while for scalar perturbations it is given by 



A: 3 



v k 



Using the Friedman equations it can be shown that z = ~ for power-law inflation. 
This gives 

P a (k)= (^) 2 p g (k)~nP g (k). (6) 

The case of de Sitter inflation is more subtle; while the derivation of still holds, that 
of (JHJ) breaks down, and the spectrum of scalar fluctuations is singular. Thus, we will only 
consider the spectrum of tensor fluctuations for the de Sitter background. For a recent 
discussion of this point, see |29j . 



III. Q-DEFORMATIONS AND COSMOLOGICAL PERTURBATIONS 

In this work we model the effects of quantum gravity on scales larger than some cutoff 
energy A by performing a simple Q-deformation of the standard mode equation governing 
scalar and tensor perturbations. We replace the usual derivatives appearing in the mode 
equation by a finite difference operator, 

*/(r)— D r /(r), D r f{r) = m ^~J r {r \ (7) 
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where Q e R and Q 7^ 0,1 is the parameter that controls the deformation. The finite 
difference operator reduces to the standard derivative when the deformation parameter is 
set equal to unity. Some of the properties of D r which will be used throughout this paper 
are 



D r /i(r)/ 2 (r) 



D r h{r))h{Qr) + h{r)D r f 2 {r) 



D r r n 



D r e a r 



\n\r 



ae 



" 1 , where [n 
'"' with e% 



Q' 



(8) 
(9) 



Q - l 

EOT^' [n]\ = [n][n -!]...[!]. (10) 



n=0 



Although one can in principle deform all coordinates, we choose a deformation which 
affects only conformal time, motivated by an analogy with the study of quantum de- 
formations in Anti de Sitter (AdS) space. In fact, it has been suggested 34| that Q- 
deformations should act only on the radial coordinate of AdS space, which corresponds 
to the time coordinate in de Sitter space. Thus, the deformed equation of motion valid 
above the cutoff energy scale A is given by 



D?«£+(l-^a)i4 = 0, fj = k v . 



(11) 



Notice that while we are explicitly considering tensor fluctuations, the same analysis holds 
for scalar perturbations. The difference between the two cases will become apparent in 
the final normalization of the power spectrum. Using ^D^a = [jz^ ~ l] 4rj ec L- (|lip 
simplifies to 



n 



n 



n 



1 — n 



(12) 



If we neglect the ■§ term, fk{—kr]) ~ e.Q thr> is a solution of the resulting Q-deformed 
equation of motion. Since in the trans-Planckian region \krj\ ^> 1, we can construct the 
solution to the full deformed mode equation by making the expansion 



fk(-kv) = eg^^bji-kr])- 

3=0 



(13) 



Plugging the ansatz (JT3Jl into (JT2Jl we find 

A - ^(»« + + with = ^ (14) 

The general solution u{ in region I, which we define to be above the cutoff scale A, is 
a linear combination of positive and negative frequency modes, 

< - ^i 1 + si^) + B ' e *( 1 + SFT^)> < 15 > 

where we set bo = 1. A\ and I?^ are determined by the choice of initial conditions; by 
comparison with the Bunch-Davies (or adiabatic) vacuum, we choose only the positive- 
frequency solution, and take Bl = and A k = 1. However, more general choices of the 
coefficients are also possible 

In region II, below the cutoff A, the exact solution to the mode equation 

dy k i +(e-^y k i = o (i6) 

is given by 

4 1 = ^(Ai'H^-W+Bl'Hti-kn)), (17) 

where v = f + ( n _i) f° r power-law inflation and v — | for de Sitter inflation, and H u (—kr]) 
is the Hankel function of the first kind. The constants A k , B 1 ^ satisfy |^4fe| 2 — |-Bfc| 2 — 1- 
If we fix these coefficients by boundary conditions well inside the horizon, we can follow 
the evolution of the mode (j!7j) to the long wavelength limit, where the power spectrum is 
defined, without having to match solutions at horizon crossing. For \kr]\ ^> 1 the Hankel 
function H u (—krj) has the expansion 



- ^r ri ^ ] t 1 -wr-\ ] - (vl 'Si ~- - + o( jkA ■ <i8) 



Henceforth we will only keep terms up to order j^- 



(kv) 2 ■ 



7 



For \krj\ 3> 1, the solution in region II is 
~2 




nk 1 k 



x _ ^ 2 - i 



1 + 



2kr] 8k 2 r] 2 
^ 2 -|) (^ 2 -l)(^-|)- 




A 11 e - ikr i+ i( ) 



1 - 



2kr] 

iC x C 2 



kr\ k 2 r) 2 . 



8k 2 r] 2 
+ B I k I e lkr '- i(l) 



1 + 



iCi C 2 



krj k 2 rf . 



(19) 



where 4> = — 



^ - f , d = ^ and C 2 = ( " g) 8 ( " 4) . Notice that while the standard 
solution u^ 1 contains a term oc /cr? -1 , u J k does not. Thus, the Q-deformed solution does 
not reduce to the standard one in the limit Q — > 1. 

The constants A\} , are found by matching u£ to the standard mode u 1 ^ at the 
cutoff scale. Taking A = Mp and denoting by rjp the conformal time at which the mode 
crosses the cutoff scale, the matching conditions are 



(20) 
(21) 
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Solving the equations above we find 



c 



k VP ' (kr]p) 2 L2(l - Q- 2 ) ~ C ^ + Y + ° 2 > A22) 



B 



n 



-ikrip+i(f> —ikrjp 



71 




k 1 



c 



(23) 



2 [(^p)H 2 2(1 + Q- 2 ). 
Finally, we fix the normalization iV of the ujj modes by requiring that \A k \ 2 — \B k \ 2 = 1, 



I^T-I^T = \N\- 2 \e Q ik " P \ 2 ^l 



,7rk 

T 



l 



C\ + d + 2C 2 



iivi 2 = | e -^i 2! ?<!i+ 1 



(M 2 L(i-g- 2 ) 

C? + d + 2C 2 



]}■ 



c 



(^) 2 L(l-Q- 2 ) 



(24) 
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IV. CORRECTION TO THE STANDARD POWER SPECTRUM 



The power spectrum is calculated at late times, when — krj <C 1. In this limit one has 
H u (-krj) — — {—krj)~ v => \u I k I \ = ^q^—{-kr ] )- v \A k -B k \. (25) 

7T 7T 

Since, for both scalar and tensor fluctuations, P(k) ~ f^l^i 7 ] 2 ; one can express the power 
spectrum on super-horizon scales in the following simple way, 

P™{k) = P£(k) \A k -B k \\ (26) 

where A k and B k are now understood to be properly normalized. Thus, the effects of 
trans-Planckian physics are entirely contained in the coefficients A k and B k \ the standard 
power spectrum corresponds to having B k = and \A k \ 2 = 1. 

Using fl26(l we find that the lowest-order effect on the spectrum of fluctuations due to 
the Q-deformation is given by 

P%°W = P^k) {l - j^-y 2 [d - (T^I)] cos(2fe7p - 20)}, (27) 

2 

where Pg g (k) ~ A; 1 -™. Recall that corresponds to the time when the physical momen- 
tum p of the mode equals the cutoff scale M P , 

l-n 

k k i—n i / k \ n 

p = 7^) =M ^^=( 7 ^;)^ = ^ 7r) {j i; ) (28) 



Using this condition, the power spectrum can be rewritten as 

P™fr)=P?Jk)\l-(-^) 2 (-^Y"(c 1 -—^—)cos(a G M P {-\-)--24> 
s ' 9( J \ VanMp/ \anMpJ V 1 + Q- 2 J V K a n M P > Y . 

(29) 



Notice that when Q = 1 one obtains the standard result, Pg ew (k) — > Pf*(fc). 

In Fig. (Q) we plot the deviation from the standard power spectrum in the form of the 
ratio 

P™ w (h) - PfJk) 
R{k) = ^ { J st( °' 9{ ] (30) 

9 



for several values of n and Q. It is clear from the graphs that the oscillations around 
Pf g (k) are substantial when k is small, and become progressively damped as k grows 
larger, showing that the effects of the deformation are more prominent for modes with 
small comoving momentum. Moreover, the farther Q is from the classical limit Q — 1, the 
larger the size of the correction. Thus, a small enough Q would increase the amplitude of 
the deviation from the standard spectrum considerably. 
We can compare the result (|29*j) to the analysis of 



29(, where the modes are assumed 



to 
of 



je created at time % when their wavelength equals the cutoff scale M c x . The authors 
introduced the quantity 



n 



i_„ H(r) k ) 

a k = 1 = A/f ' W 1 ) 

This can be written as 

^"O^"'^- (32) 

where <To = and Hq = H(r)o) is the characteristic Hubble expansion rate during 
inflation. In our model Mq = Mp and rjk = r/p, thus in the notation of [29] the correction 

_ 2 

to the power spectrum has an amplitude oc ^ ao M P ) "(pi — i+q-' 2 ) • Although the 
effect is suppressed by o"q, it is very sensitive to the value of the deformation parameter. 
Thus, one can significantly enhance the magnitude of the correction by taking Q to be 
arbitrarily close to 0. 



V. A SPECIAL CASE: DE SITTER INFLATION 

As a special case of power-law inflation, we now consider the de Sitter background. 
In terms of conformal time, the scale factor is given by a(rj) = —jj-, where if = ^ is 
constant. In region I the wavefunction for \krj\ large is 

./_„-w, , 1 Mil- 2 ! 



, -^ 1+ WT^ + '" 1, (33) 
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where we are imposing initial conditions so that the mode has only positive-frequency 
components. 

In region II, the full mode 

4 1 = Vv^H^-krj) + Bi 1 Hti-krj)) , (34) 

with v = | for de Sitter space, reduces to, in the large \krj\ limit, 




Thus, we see that the de Sitter calculations match the power-law inflation case provided 
C\ — 1, C2 = 0, 4> — — 7T and 6 2 = ■ The gravitational power spectrum for de Sitter 

inflation is, then, 

p r(k) = P s t{k) j x _ _J_^ _ LM) cos(2 ^ p) J. ( 36) 

From p = I = M P and a(r] P ) = —77^, one finds krjp = —^f-- Rewriting the spectrum, 
we find 

ir-(«-ir(*){i-(0(i-tM)-.(^)}. m 

The correction is scale invariant, as expected, and of order (j^;) 2 - However, as in the case 
of power-law inflation, the deviation from the standard spectrum is sensitive to the value 
of Q. By taking Q to be small one can substantially increase the size of the correction. 
When Q = 1 we recover the usual result, Pg £W (k) — > P^ik). 

VI. CONCLUSIONS 

In this work we have analyzed the dependence of the spectrum of cosmological per- 
turbations on a quantum deformation of the wave equation assumed to hold above some 
cutoff scale A, which we take to be M P . After finding the form of the Q-deformed mode, 
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we have imposed that, at the time of its creation, it contains only positive-frequency com- 
ponents. This corresponds to choosing a Bunch-Davies-like vacuum. We have expressed 
the standard mode solution, valid below A, in terms of the Q-deformed solution by im- 
posing appropriate matching conditions at the cutoff. This has allowed us to calculate 
the spectrum of tensor and scalar fluctuations for the case of power-law inflation. The de 
Sitter background has been considered as a special case of the latter. The power spectrum 
in this case is defined only for tensor perturbations. 

For power-law inflation the new spectrum has nonstandard dependence on comoving 
momentum, while the de Sitter spectrum is scale invariant as expected. In both infla- 
tionary scenarios the correction to the standard result is characterized by an oscillatory 
pattern; this modulation has been argued to be a general feature of the 'minimal' models 
described in the introduction. As shown in Fig. ((J), the amplitude of the oscillatory pat- 
tern is strongly dependent on the deformation parameter. Although only a few values of 
Q were considered, it is apparent from the plots that the size of the correction increases 
as Q gets farther away from the classical Q — 1 limit. 

Some of the minimal models j^j, |^ yield ■^ a - corrections, with Hq the characteristic 
Hubble parameter during inflation. When the deformation parameter is very close to 
its classical value, Q ~ 1, the effect of the quantum deformation is of order (jj^) 2 , 
significantly small. However, values of Q close to zero yield a considerable increase in the 
size of the correction. If in fact Q were small enough to overcome the (^) 2 suppression, 
the effect of the quantum deformation could be measurable in the near future. On the 
other hand, Q near unity would yield a {j^) 2 correction to the standard spectrum, most 
likely impossible to detect. 

Since they predict a departure from the standard spectrum of fluctuations, Q- 
deformations can in principle provide us with a window on trans-Planckian physics. 
Whether the effect can be measured or not, however, depends on the magnitude of the 
deformation. Regardless, we have shown that Q- deformations offer an additional scenario 
for physics above the Planck scale. 
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FIG. 1: Above we show the deviation from the standard spectrum for different values of Q and 
n. In each plot the dark line corresponds to n = 2, the light one to n = 3 and the dotted line to 
n = 4. We have set «o = Mp = 1. The effect of the Q-deformation is more pronounced in the 
small k region. Also, the size of the deviation increases significantly as Q approaches 0. 
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